We study theoretically magnetically induced Feshbach resonances and near-threshold bound states in isotopic NaK pairs. Our calculations accurately reproduce Feshbach spectroscopy data on Na 40 K and explain the origin of the observed multiplets in the p-wave [Phys. Rev. A 85, 051602(R) (2012)]. We apply the model to predict scattering and bound state threshold properties of the boson-boson Na 39 K and Na 41 K systems. We find that the Na 39 K isotopic pair presents broad magnetic Feshbach resonances and favorable ground-state features for producing non-reactive polar molecules by two-photon association. Broad s-wave resonances are also predicted for Na 41 K
I. INTRODUCTION
Ultracold gases are extraordinary systems to investigate fundamental quantum phenomena in a highly controllable environment leading to a wealth of spectacular experimental and theoretical results. More than a decade ago the experimental production of ultracold mixtures of alkali gases added a new twist to the cold atom field, paving the way towards the study of few-and many-body phenomena absent in a pure homonuclear gas. Few examples include recent experiments with polaronic impurities [1] [2] [3] , formation of chemically reactive [4] or non-reactive [5] ultracold polar molecules, theoretical studies of phase diagrams [6] and of pairing in imbalanced Fermi systems [7, 8] .
In this context, magnetic Feshbach resonances (FR) proved to be a powerful and versatile tool to widely tune few-body interactions [9] , allowing one to explore in a controlled way regimes from the non interacting ideal behavior to strongly interacting systems. A FR also offers the possibility to associate pairs of atoms in weakly bound molecular states using time-dependent magnetic fields [10] . Such molecules have an intrinsic interest due to their long-range nature. Moreover, depending on their spin and spatial structure they can be used as a convenient initial state for producing polar molecules in the ground state via stimulated Raman processes [4, 5] .
Applications based on resonances require an accurate characterization of the scattering dynamics and of the properties of bound states near the dissociation threshold. Fortunately, theory can predict from a small amount of experimental data the location and the width of magnetic resonances and the relevant molecular state properties. In fact, to date highly quantitative models exist for most alkali isotopic pairs [9] . In this work we focus on NaK mixtures, a system composed of two species that can be individually cooled to ultracold temperatures.
Experiments with Na and the fermionic isotope 40 K are currently being performed at MIT, where heteronuclear FR spectra have been discovered and interpreted based on simplified asymptotic models [11] . Magnetic association [12] and, more recently, transfer to the rovibrational ground state of the dimer have also been demonstrated [13] . Accurate BornOppenheimer potentials for the ground and the excited states have been built and used to study the adiabatic transfer of a Feshbach molecule to the ground ro-vibrational state [14] .
However, a comprehensive account of scattering and bound state features for this boson-fermion mixture in the electronic ground state is still lacking. In addition, near-threshold properties for the boson-boson pairs Na 39 K and Na 41 K are still unknown. This work aims therefore on one side at giving a more complete picture of the Feshbach physics of Na 40 K, and on the other at providing theoretical predictions for the two purely bosonic pairs, for which experiments are on the way in few groups worldwide. We study both scattering and bound states for an extensive set of hyperfine states, and discuss the experimental implications of our results for interaction control and molecule production.
The paper is organized as follows. Sec. II introduces our theoretical approach and the Born-Oppenheimer potentials optimization procedure based on known experimental data.
Sec. III presents results and discussions for the boson-fermion and the boson-boson pairs.
Few experimental implications of our results are discussed. A conclusion IV ends this work.
II. METHODS

A. Computational approach
We solve the time-independent Schrödinger equation for bound and scattering states in the well-known framework of the close-coupling approach to molecular dynamics. Briefly, in our approach a basis of Hund's case (b) molecular states is used to expand the total wavefunction at each value of the interatomic distance R. In Hund's case (b) the spin state of the dimer is represented as |SM S IM I with S and I the electronic and nuclear spin angular momentum, respectively [15] . The description of the diatomic is completed by assigning the ℓ and m quantum numbers relative to the orbital angular momentum ℓ of the atoms about their center of mass. In this basis the electrostatic Born-Oppenheimer potentials are represented by diagonal matrices with entries the singlet X 1 Σ + and triplet a 3 Σ + molecular symmetry adiabatic potential energy curves (see below).
The other interactions relevant for the ultracold regime included in this work are the atomic hyperfine interaction H hf = k=a,b A k s k · ı k , the anisotropic spin-spin coupling
, and the Zeeman interaction energy with the ex-
Here s k and ı k are the electron and nuclear spin of the individual atoms and A k the respective ground-state atomic hyperfine constant for atoms a and b, g s and g i the electron and nuclear gyromagnetic ratios, α and µ B the fine structure constant and the Bohr magneton respectively. Such atomic interactions can be expressed in the molecular Hund's case (b) computational basis using standard methods of angular momentum algebra (see e.g. [16] ).
Bound state calculations are performed using a variable grid approach allowing one to represent over a sufficiently small number of points the rapid oscillations at short range and the long range tail of the dimer wave function [17] . For scattering calculations we use the variable-step Gordon propagation or the renormalized Numerov algorithm to efficiently solve the coupled-channel Schrödinger equation [18] . Once the solution has been built in the computational basis, a frame transformation is applied to express the solution in an asymptotically diagonal representation before using a standard matching procedure to extract the reactance matrix K [18] .
B. Optimization of the molecular potential
We adopt for this work the X 1 Σ + and the a 3 Σ + electronic ground state potential of the NaK molecule proposed in Ref. [19] . A minor modification is made to ensure a continuous and continuously differentiable expression by fine tuning the parameters given in [19] . First, starting from the asymptotic long range U LR (R) expressions we numerically enforce continuity at the switching points R i and R 0 . In addition, smooth damping functions are preferred to the published abrupt change of the potential between the short range repulsive part, the inner well and the long range part. The resulting continuously differentiable expression is given by
where the parameterized functions U SR , U(R) and U LR (R) and the switching points R i and R 0 are taken from the work of Tiemann and coworkers [19] . Note there is a typo in the Tab. 1 of Ref. [19] where 10 6 should be replaced by 10 8 for the B constant value. A value of 80 a
has been found to be suitable for the control parameter β of the damping function for the two electronic states. With an infinite β value the original potential curves are recovered.
We are now in the position to perform close-coupling calculations for different initial channels. We will conventionally label each asymptotic channel by specifying the separatedatom NaK state |f a , m fa + |f b , m f b with f k = s k + ı k (k = a, b) to which the latter adiabatically correlate as B tends to zero. FR have been experimentally observed in the collision between Na in |1, 1 and 40 K in |9/2, m f , with m f b = −9/2, −7/2, −5/2 and −3/2 [11] . We compute the s-wave scattering length a in the relevant channels and search for resonances as poles of a as a function of magnetic field. We also search for p-wave resonances by locating maxima in the partial p-wave elastic cross sections at a fixed collision energy of 1 µK. The observed resonance locations are not reproduced accurately by the original potentials. However, a simple modification consisting in introducing the correction terms
near the bottom of the X 1 Σ + and a 3 Σ + electronic potentials enables us to model the experimentally measured spectra. More specifically, using R 
In the fitting procedure, we included three s−wave resonances at 78. 
in which a linear variation of a bg as a function of the magnetic field is assumed. Eq. (4) reduces to the well-known standard expression a(B) = .
The latter quantity (≈ 53 a 0 for NaK) represents the natural value of a for scattering in a van der Waals potential [9] .
In addition, for each resonance we extract the effective range r eff defined through the low energy expansion of the elastic reactance matrix element
computed at the resonance value r res eff ≡ r eff (B res ) by a linear fit of k/K(E, B res ) as a function of collision energy E = 2 k 2 /(2µ) in an appropriate energy domain. We introduce a corresponding intrinsic resonance length R * to characterize the resonance strength defined as
In the case of isolated resonances the resonance length can be expressed in terms of scattering background and resonance parameters and of the magnetic moment difference δµ between the open and the closed channel as R * = 2 /(2µa bg δµ∆) [9] . As remarked in the supplemental material of Ref. [22] the Eq. (7) also holds for overlapping resonances to the extent that they are not directly interacting. According to the relative value of the length R * being much larger (resp. much smaller) than the van der Waals length, resonances are classified as being open channel (resp. closed channel) dominated. The resonance strength parameter defined as
and listed in Tab. II is therefore a useful dimensionless indicator of the resonance character [9] .
It is interesting to compare the present close-coupling data with the results of an asymptotic bound state model used for interpretation in Ref. [11] (not shown in the table). Considering the simplicity of the latter, the agreement is good as far as the resonance position and the width of the largest features is concerned. The most serious discrepancy bears on the width of the narrow s-wave resonances, which are underestimated by more than one order of magnitude by the asymptotic model.
Feshbach molecules formed by magnetic association can be a good starting point to form molecules in the absolute ro-vibrational ground state using two-photon transfer schemes.
A first constraint to be taken into account to achieve such a transfer is that according to electric dipole selection rules only Feshbach molecular states of significant singlet character can be coupled to ground-state singlet molecules if singlet excited states are used as a bridge. If the initial Feshbach molecule turns out to have mostly triplet character one can use excited electronic states of mixed singlet-triplet character as a bridge, an approach suggested for NaK in [14] and successfully recently adopted to form Na 40 K in the absolute ground state by a STIRAP two-photon process [13, 23] . Moreover, the radial overlap between the excited intermediate state and both the initial and the target ground state molecule must be significant. To gain more insight into the resonance nature and to get a hint at the expected efficiency of two-photon processes we perform bound state coupled-channel calculations. A detailed analysis having already been performed in [14] for Na 40 K, here we just stress the main elements for the sake of comparison with the following analysis of the boson-boson pairs.
We depict for instance in Fig. 1 the scattering length and the evolution of the molecular levels near the broadest resonance in the hyperfine absolute ground state which has been successfully used as starting point for STIRAP association [13] . However, as already noted in Ref. [14] such admixture comes to the price of a delocalization of the wavefunction at larger distances, and thus to a decreased overlap with the intermediate excited state. Such strong triplet character is a common feature of the molecular states associated to all broadest resonances in Tab. II, which is in fact to a good approximation a common molecular state in the triplet potential with a different projection m f of the total hyperfine angular momentum f = S + I. In conclusion, use of bridge spin-orbit coupled states to help enhance the transfer efficiency seems necessary for the boson-fermion pair [14] .
We will show below that the situation is significantly different for the boson-boson mixtures.
In addition to the observed s-and p-wave features, additional p-wave resonances are also predicted by our model. We compute the elastic collision rate up to B = 1000 G and present a restricted magnetic field range in the upper panel of Fig. 2 . The lower panel depicts the energy levels of the molecular states responsible for each resonance. Resonance features are detected by local maxima in the elastic collision rate as well as in the inelastic probabilities.
The position of these maxima agree to better than 0.02 G for all except the two features around 21.9 G in the |1, 1 +|9/2, −7/2 channel for which the differences are 0.05 G. It turns out to be easier to extract the location of the resonances from the inelastic probabilities.
These positions are summarized in Tab. III together with the position of the local maxima in the elastic collision rate when no inelastic process are present.
The p-wave multiplets observed in Ref. [11] and reproduced in Tab. III are at first sight surprising since the spin-spin interaction typically gives rise to doublets [24] . The nature and multiplicity of such magnetic spectrum can be rationalized starting from a picture where the spin interaction is at first neglected. In this situation the total internal spin projection m f = m fa + m f b is an exactly conserved quantum number. Let us consider for definiteness the case of two free atoms with m f = −7/2. Let us moreover restrict ourselves to ℓ = 1, since the ℓ > 1 contributions are vanishingly small at the present very low collision energies due to centrifugal repulsion. The projection M of the total angular momentum, which is strictly conserved, can then only take values −9/2, −7/2, and −5/2.
Within this restricted model and fixing f = 7/2, one can build six molecular states with projections {m f m} = {−7/2; 0, ±1}, {−5/2; 0, −1}, {−3/2; −1} that are degenerate, since both f and ℓ are strictly conserved in the absence of anisotropic spin-spin and of the Zeeman interaction [16] .
If B = 0 and the spin-spin interaction does not vanish, conservation of total angular momentum F = f + ℓ guarantees that the six molecular states will give rise to one triply degenerate level with F = 9/2 corresponding to M = −9/2, −7/2, −5/2, one doubly degenerate level with F = 7/2 and with M = −7/2, −5/2 and one singly degenerate level with however that the error given by MIT is relatively large for the 9.60 G resonance.
Few theoretically weak resonances do not have an experimental counterpart, most likely since the corresponding experimental signature has been missed. The quality of our assignment, yet non univocal, strongly suggests that the dominant anisotropic interaction arises from the electronic spins [38] .
B. Na 39 K
We continue our discussion with the most abundant potassium isotope, 39 K, a species for which cooling and Bose-Einstein condensation has traditionally proved to be difficult, yet finally achieved by different techniques [26, 27] . We provide results for a series of hyperfine states. Our data can therefore be useful in order to interpret collision data in a pure spin As in the boson-fermion case we choose to parameterize the field-dependent s-wave scat-tering length by the unique expression Eq. (4) over a magnetic field range of ±4∆ around the resonance and compute the resonance length in order to assess the resonance strength.
For overlapping resonances a unique a bg and ǫ values are given, whereas for isolated resonances, we give a local a bg and ǫ, when the latter is non vanishing. We achieve the sufficient required accuracy (below 5% as for the 40 K isotope) for three of the nine initial channels considered. Many combinations are found to be not well described by Eq. (4), in particular in the presence of energetically degenerate channels that give rise to characteristic threshold singularities [28] . The known FR for Na + Na collisions in the ground state are located at large fields B > 800 G [32] in a region where a KK and a NaK present regular non resonant behavior [25] .
Tuning of the interspecies scattering length can be used to increase the cross section for sympathetic cooling, for instance to cool 39 K by thermal contact with ultracold Na. A comparison of Fig. 4 with the Fig.4 of Ref. [34] shows that at the field B = 395.2 G at which 39 K has been condensed [35] the a NaK is slightly negative. A double BEC of sodium and potassium will thus be miscible and stable against collapse [36] . Moreover, if the double condensate is adiabatically loaded in an optical lattice the attractive character of the NaK effective interaction will favor the loading of Na and K pairs at the lattice cells. This should be an advantageous starting point to associate Feshbach molecules and thus implement STIRAP schemes to form ultracold molecules in the absolute ground state.
Indeed, as compared to the boson-fermion case of Sec. III A one can verify from the S 2 given by the color code in the lower panel of Fig. 4 that the situation is here favorable, since the molecule presents hyperfine-induced singlet-triplet mixing even far from dissociation.
Beyond the average spin character, we also represent in Fig. 7 the detail of the singlet and triplet components of the coupled wave-function, defined as Ψ 0 =P 0 Ψ and Ψ 1 = P 1 Ψ withP 0,1 the projectors on the S = 0 and 1 subspaces, respectively. Interestingly, the S = 0 amplitude reaches its maximum right before the resonance, at B ≈ 400 G.
Most importantly, Fig. 7 shows that Ψ 0 maintains a short-range character with maximum amplitude for R ≈ 40 a 0 .
Such short-range character is confirmed quantitatively in Fig. 8 To conclude our analysis for this isotope, we provide in Tab. V the spectrum of p-wave resonances, limiting ourselves to the absolute ground state. As in the case of the bosonfermion mixtures [12] such resonances can be experimentally observable even at ultracold temperatures. Fig. 9 shows the elastic collision rate for different M projections presenting a rich spectrum with nearby peaks of multiplicities three, two and one. Closer inspection shows that triply degenerate peaks are the usual doublets [24] , with the peaks arising from spin-spin induced mixing of m f = 2, m = ±1 states being nearly degenerate and slightly shifted with respect to the m f = 2, m = 0 peak. Larger multiplicities like the ones in Combination of the present and the magnetic spectra in Refs [34] and [32] for K and Na respectively shows that homonuclear and heteronuclear resonances take place at well separated locations. Note that the large a bg for NaK and the nonresonant values of order 50a 0 for both Na and 41 K imply that two Bose-Einstein condensates will tend to phase separate.
However, the heteronuclear resonances can be used to reduce or even change the sign of a NaK , such to favor miscibility and eventually the realization of overlapping quantum gases of Na and K in free space or in optical lattices.
Let us now discuss magnetic association of Na and K atoms when they are prepared in the respective ground hyperfine levels. A calculation of the quantum average S 2 depicted as density code in the lower panel of If molecules are formed at the 73 G FR and molecular curve crossings are swept through diabatically, one stays in the "background" weakliest bound molecular level. Unfortunately, as shown in Fig. 11 and 12 , the state has long-range character with R 0,1 > ∼ 100 a 0 . Therefore, in spite of the sufficient singlet character predicted in Fig. 12 poor overlap is expected with the excited molecular states. Note that since quantum numbers of this background state are essentially atomic ones or Hund's case (e) the projections Ψ 0 and Ψ 1 on the Hund's case (b) spin-coupled basis in Fig. 11 have virtually identical spatial profiles.
An alternative route consists in following adiabatically the entrance state through the first avoided crossing near 50 G. As shown in the lower panel of Fig. 10 this leads however to the formation of a molecule with relatively poor singlet admixture.
If one uses the broad resonance at 470 G as an entrance gate, a long magnetic field sweep down to B ∼ 60 G would be needed before a small R 0 is attained, as it can be inferred from Fig. 13 and the main panel of Fig. 14 . However, the inset in the latter figure indicates that molecule shrinking also corresponds to a drop in the singlet character, thus requiring a compromise to be found. In order to draw firmer conclusions a detailed analysis of the excited states will be needed.
Finally, as illustrated in Fig. 15 our model predicts a series of p-wave Feshbach resonances at both weak and strong magnetic fields in the absolute ground state. Tab. VII confirms as expected that multiplet splittings at small B are "anomalous" in the same sense as for boson-fermion pair, whereas like in Na 39 K they follow standard patterns at large B.
Experimental observation of the corresponding magnetic spectra would provide a valuable piece of information to confirm the accuracy of our model for ℓ > 0 collision in this bosonboson mixture.
IV. CONCLUSIONS
We have presented an extensive compendium of the ground state scattering properties of isotopic NaK mixtures in an external magnetic field. Our results complement existing theory and experimental data on the boson-fermion pair Na 40 K. The Feshbach resonance locations and strengths we predict for the boson-boson pairs should be of major interest for experiments in which control of the atom-atom interaction is a requirement. Our spinresolved analysis of Feshbach molecules also provides an important piece of information for designing magnetoassociation and two-photon transfer scheme of Feshbach molecules to the absolute ro-vibrational ground state.
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